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<. 

(— I I In this paper we study asymptotic behavior of solutions for a free boundary problem 

modeling the growth of tumors containing two species of cells: proliferating cells and quies- 
cent cells. This tumor model was proposed by Pettet et al in Bull. Math. Biol. (2001). By 
using a functional approach and the Cq semigroup theory, we prove that the unique station- 
ary solution of this model ensured by the work of Cui and Friedman ( Trans. Amer. Math. 
, Soc, 2003) is locally asymptotically stable in certain function spaces. Key techniques used 

I in the proof include an improvement of the linear estimate obtained by the work of Chen et 

' al {Trans. Amer. Math. Soc, 2005), and a similarity transformation. 
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1 Introduction 

During the past thirty years, an increasing number of free boundary problems of partial differ- 
ential equations have been proposed by groups of researchers to model the growth of various 
in vivo and in vitro tumors, see, e.g., [1], |l]-[6], [l8j, [L9\, [23], [21], [26]-[28] and the refer- 
ences cited therein. Such free boundary problems usually contain one or more reaction diffusion 
equations describing the distribution of nutrient and inhibitory materials, and several first-order 
nonlinear partial differential equations or nonlinear conservation laws with source terms describ- 
ing the evolution and movement of various tumor cells (proliferating cells, quiescent cells and 
dead cells). Rigorous analysis of such tumor models is evidently a significant topic of research 
and has drawn great attention during the past a few years. Main concern of this topic is the 
dynamics or the long-term behavior of solutions of such free boundary problems. 

Based on applications of the well-established theories of elliptic and parabolic partial differ- 
ential equations, parabolic differential equations in Banach spaces (i.e., differential equations in 
Banach spaces that are treatable with the analytic semigroup theory) and the bifurcation theory, 
rigorous analysis of models for the growth of tumors containing only one species of tumor cells 
has achieved great depth, cf. [2], [3], [9], [lO], [I2]-[I1], [20]-[22], [29], [30] and the references 
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cited therein. As far as models for tumors containing more than one species of tumor cells are 
concerned, however, the progress is relatively backward. This is caused by the fact that such 
tumor models are much more difficult to analyze because they contain nonlinear conservation 
laws whose dynamical behavior is very hard to grasp. 

In this paper we study the following free boundary problem modeling the growth of an in 
vitro tumor containing two species of cells — proliferating cells and quiescent cells: 

V^C = F{C) for xen{t), t>0, (1.1) 

C = Co ioi x£dn{t), t>0, (1.2) 

dP 

+ V-{uP) = [KBiC)-KQ{C)]P + Kp{C)Q for xen{t), t>0, (1.3) 



dt 
do 

-^ + V-{uQ) = Kq{C)P-[Kd(C) + Kp{C)]Q for X G 0(t), t > 0, (1.4) 

P + Q = N forxGJ^(t), i>0, (1.5) 

^ = u-u for xedn(t), t>0. (1.6) 
dt 

Here C denotes the concentration of nutrient (with all nutrient materials regarded as one species), 
P and Q denote the densities of proliferating cells and quiescent cells, respectively, whose mixture 
makes up the tumor tissue and has a constant density A^, u denotes the velocity of the cell 
movement, R denotes the radius of the tumor, ^{t) = {x € : r = |x| < R{t)} is the domain 
occupied by the tumor at time t, and z? is the unit outward normal of dQ{t). Besides, Co is a 
positive constant reflecting the constant nutrient supply that the tumor receives from its surface, 
F{C) is the nutrient consumption rate function, and Kb{C), K£){C), Kp{C) and Kq{C) are 
the birth rate of proliferating cells, death rate of quiescent cells, transferring rate of proliferating 
cells to quiescent cells and transferring rate of quiescent cells to proliferating cells, respectively. 
We shall only consider radially symmetric solutions of the above problem, so that C, P, Q are 
functions of the radial space variable r = \x\ and the time variable t, and u = u(r, t)r~^x, where 
u is a scaler function. 

The above tumor model was proposed by Pettet et al in the literature [26] . Its global well- 
posedness has been established by Cui and Friedman in [15]. A challenging task concerning this 
free boundary problem is the study of the asymptotic behavior of its solutions as time goes to 
infinity. For the corresponding model of the growth of tumors with one species of cells, it is known 
that there exists a unique stationary solution and all time-dependent solutions converge to it as 
time goes to infinity, or in other words, this unique stationary solution is globally asymptotically 
stable, cf. [9] and [2T|. Since the above problem is a natural extension of such one species tumor 
model to the two species case, we are naturally lead to the conjecture that a similar result holds 
for it. Advancement of the study toward this goal is as follows. In [16], Cui and Friedman 
proved that the problem (1.1)-(1.6) has a unique stationary solution. In [8], Chen, Cui and 
Friedman further proved that this stationary solution is linearly asymptotically stable, namely, 
the trivial solution of the linearization of (1.1)-(1.6) at the stationary solution is asymptotically 
stable. However, this last-mentioned result does not imply, at least straightforwardly, that the 
stationary solution of (1.1)-(1.6) is asymptotically stable. In fact, to the best of our knowledge 







this problem has been remaining open before this manuscript is prepared. We refer the reader 
to see [7], [To] and [17] for other related work. 

In this paper we shall prove that the unique stationary solution of (1.1)-(1.6) ensured by 
[16j is locally asymptotically stable. Recall that conditions given in [T6] which ensure that 
(1.1)-(1.6) has a unique stationary solution are as follows: 

F(C), Kb{C), Kd{C), Kp{C) and Kq{C) are analytic in C, < C < Cq; (1.7) 

F(0) = 0, F'{C) > for < C < Cq; (1.8) 

K'g{C) > and K'j^{C) < for < C7 < Co, Kij(O) = and Kd{Cq) = 0; 
Kp{C) and Kq{C) satisfy the same conditions as Kb{C) and Kd{C), respectively; 
K^(C) + K'^{C) > for < C7 < Cq. 



(1.9) 



The main result of this paper is the following: 



Theorem 1.1 Assume that the conditions (1.7)^(1.9) are satisfied. Let (C=k, P*, Q*, ^i*, -R*) 
be the unique stationary solution of the problem (1.1)-(1.6), and let {C, P,Q,u, R) be a time- 
dependent solution of it such that P\t=o = Pq, Q\t=o = Qo o,nd R\t=o = Ro, where Pq, Qq and 
Rq are given initial data satisfying < Pq < N , < Qq < N and Pq + Qo = N . Then there 
exist positive constants fi, e and K such that if Pq, Qo and Ro satisfy 



max \Po{rRo) — P:f{rR:f)\ < e, sup r{l—r] 

0<r<l 0<r<l 



max \Qo{rRo) — Q*{rR^,)\ < e, sup r(l-r) 

0<r<l 0<r<l 

and \Ro — R*\ < £, then for all t >0 we have 



dPoirRo) dP^rR^ 



dr dr 
dQo{rRo) dQ^,{rR^ 



dr 



dr 



< £ 



max \P(rR(t),t) - PJrR^M < Kee"^*, 

0<r<l 



max \Q{rR{t),t) - Q*(rP,)| < Kee"^*, 

0<r<l 



sup r(l — r) 

0<r<l 



sup r(l — r) 

0<r<l 



dP{rR{t),t) dP,{rR^ 



dr dr 
dQ{rR{t),t) dQ^rR^) 



dr 



dr 



< Kee-f"^ 



and \R{t) - R^\ < Kee-f'K 



We shall use a functional approach to prove the above theorem. More precisely, we shall 
first reduce the problem (1.1)-(1.6) into a differential equation for the unknown U = {p,z) in 
the Banach space X = C[0, 1] x M, where p = p{r,t) = P{rR{t),t) and z = z{t) = log R{t). 
The reduced equation is of the hyperbolic type in the sense of Pazy [25], and is quasi-linear. 
We next use the Banach fixed point theorem to prove that for any Uo = (poi-^o) sufficiently 
closed to the stationary point = {p*,z^), where p^ = p*{r) = P*(ri?*) and = logR^, 
this differential equation imposed with the initial condition U\t=o = Uo and the decay estimate 
sup^>o e^*||C/(t) — f/*||xo < where Xo is a subspace of X, has a unique solution in the space 
C([0,oo),Xo) (endowed with the norm I II [/| II = sup^>o e'^*||[/(t)||xo)- To attain this goal we shall 
use some abstract results for hyperbolic differential equations in Banach spaces established in 



|25j . In particular, a family of evolution systems for the linear equations related to the semi- 
linearization of the reduced equation are obtained and applied to convert the semi-linearized 
equations into integral equations. The main difficult and key step in the proof of Theorem 1.1 is 
the establishment of a uniform decay estimate for the family of evolution systems. To obtain it, 
we first use a localization technique to get an improvement of the linear estimate established in 
[8], removing the singularities at r = contained in that estimate. See Lemma 6.2 in Section 6 
for this improved linear estimate. We next develop a similarity transformation technique and use 
it to extend this improved linear estimate to the family of evolution systems mentioned above. 
See Section 5 for details of this transformation and Lemma 6.4 in Section 6 for the uniform 
decay estimate for the family of evolution systems. 

The layout of the rest part is as follows. In the following section we reduce the problem (1.1)- 
(1.6) into a differential equation in the Banach space X = C[0, 1] xM. In Section 3 we summarize 
some basic properties of the stationary solution. The reader is suggested to pay attention to 
properties of the stationary solution at the end point r = which will play an important role in 
later analysis. In Section 4 we prove that the linear parts of semi-linearizations of the reduced 
equation are related with a stable family of generators of Co semigroups on X, so that their 
solution operators are evolution systems. This result enables us to use the abstract results of [25j 
to convert the semi-linearized equations into integral equations. The most important technique 
used in this paper — similarity transformations — will be developed in Section 5. In Section 6 
we first derive an improvement of the linear estimate established in [8] and next use the similarity 
transformation technique to extend this estimate to the evolution systems obtained in Section 
4. After these preparations, in the last section we use the Banach fixed point theorem to prove 
Theorem 1.1. 

Throughout this paper the notation " ' " denotes both the ordinary derivatives of functions 
in M and the Frechet derivatives of mappings between Banach spaces. 



2 Reduction of the problem 

In this section we reduce the system of equations (1.1)-(1.6) into a differential equation in the 
Banach space X = C[0, 1] x R. 

We first note that by summing up (1.3), (1.4) and using (1.5), we get the following equation: 

V • n = 1 [Kb{C)P - Kd{C)Q] . (2.1) 

Conversely, from (1.3), (1.5) and (2.1) we immediately obtain (1.4). Hence, the two groups of 
equations (1.3), (1.4), (1.5) and (1.3), (1.5), (2.1) are equivalent. 

By rescaling the space and time variables, setting 

P Q C ^ X 

and using the equivalence of (1.3), (1.4) and (1.5) with (1.3), (1.5) and (2.1), we see that the 
problem (1.1)-"(1.6) can be reformulated into the following form: 

d'^c 2 dc 

— + -— = F{c) for < r < i?(t), t > 0, (2.2) 
or r or 



A 



dc 
dr 



r=0 



= 0, cl=Rit) = 1 for i > 0, (2.3) 



^ + u^ = Kp{c)+[Km{c)-Kn{c)]p-Km{c)p' for < r < R{t), t > 0, (2.4) 
du 2 

— + -u = -Kd{c) + Km{c)p for < r < R{t) and u\r=Q = 0, i > 0, (2.5) 

— = u{R,t) for t > 0, (2.6) 

where 

Km{c) = Kb{c) + Kd{c), Kn{c) = Kp{c) + Kq{c), (2.7) 

and F{c), Kb{c), K£){c), Kp(c) and Kq{c) are rescaled forms of the corresponding functions 
appearing in (1.1)-(1.6). 

Next, we set 

c{f,t) = c{fe<^\t), p{r,t) = p{fe<^\t), u{r,t) = u{fe<*\t)e-'^^\ R{t) = e<^\ 

where < f < 1, t > 0. Then the problem (2.2)-(2.6) is further reduced into the following 
problem (for simplicity of the notation we omit all bar's): 

d^c 2 dc 

— + -— = e^'F{c) for < r < 1, t>0, (2.8) 
ar^ r or 



dc 
dr 



= 0, c\r=i = 1 for t > 0, (2.9) 

r=0 



^ + [u{r,t)-ru{l,t)]^ = Kp{c)+[Km{c)-Kn{c)]p -Km{c)p^ 

for < r < 1, t>0, (2.10) 

du 2 

— + -u = -Kd(c) + Km(c)p for < r < 1 and u\r=o = 0, t>0, (2.11) 

dr r 

dz 

— =u{l,t) for t > 0. (2.12) 

To further reduce (2.8)-(2.12) we first note that (2.8) and (2.9) can be solved to express c 

as a function of z. Thus, instead of c(r, t), later on we shall use the notation c(r, z(t)) or simply 
c{r,z) to denote the solution of (2.8) and (2.9). Next, we note that (2.11) can be solved to get 
u as a functional of p and z. Thus later on we use the notation Up^z to re-denote u. By a simple 
computation we have 

UpAr, t) = \ r[-KD{c{p, zit))) + Km(c(p, zit)))p{p, t)]p^dp (2.13) 

^ Jo 

for < r < 1, t > 0, and Up,z(0, t) = iov t > 0. We also denote 

Wp,z{r, t) = Up^r, t) - rup^l, t). (2.14) 



It follows that (2.8)-(2.12) reduces into the following system of equations : 

' dv dv 

■^ + WpAr,t)-£ = f{r,p,z) for 0<r<l, i>0, 
dz ^^■^^) 
\.'dt ^ ^^''^^-^'^^ * ^' 

where 

f{r,p,z) = Kp{c{r,z)) + [KM{c{r,z))~KNic{r,z))]p - KM{c{r,z))p'^. 



In what follows we shall rewrite (2.15) as a differential equation in the Banach space X = 
C[0, 1] X M. Let 

Clr[0, l]={pe C[0, 1] n C\0, 1) : r(l - r)p'(r) e C[0, 1]}, 

with norm 

Ibllci [0,1] = max \p{r)\ + sup |r(l - r)p'{r)\ for p G C^[0, 1]. 

J 0<r<l 0<r<l 

It is evident that Cy[0, 1] endowed with this norm is a Banach space densely and continuously 
embedded into C[0, 1]. Given p G C[0, 1] and z G M, we introduce a linear operator Ao(j>, z) : 
Cl.[0, 1] ^ C(0, 1) as follows: For any q G Cl.[0, 1], 

•Ao{P: z)<l{f) = —Wp,zif )q'{r) for < r < 1. 

Here and hereafter Wp^z{i^) represents the function defined by similar formulations as in (2.13) 
and (2.14), with p{r, t) and z{t) there replaced by p{r) and z, respectively. Later on we shall use 
the convention that for a function / G C(0, 1), if both limits limj,^o+ fi''") and lim,.^x- /(r) exist 
and are finite, then we write / G C[0, 1]. Furthermore, when we are concerned with the values 
of / at r = and r = 1, we mean that /(O) = lim^^Q+ /(r) and /(I) = limj.__>x- fir)- Using this 
convention, we see easily that for any p G C'[0, 1] and z G M we have Wp^z{r)/r{l—r) G C'[0, 1]. It 
follows that for any q G Cy[0, 1], both limits lim^_>o+ Wp^z{f)q' {r) and lim^_,i- Wp^z{f)q'{r) exist, 
so that Ao{p, z)q G C[0, 1]. It can also be easily seen that Ao{p, z) is a bounded linear operator 
from C^[0,1] to C[0, 1], and 



II-4o(p,2)||l(c1[o,i],c[o,i]) < sup 

0<r-<l 



r(l— r) 

Next we introduce mappings : C[0, 1] x R ^ C[0, 1] and Q : C[0, 1] x R — >■ R respectively by 

J^{p, z){r) = f{r,p{r), c(r, z)), 

and ^ 

G{p,z)= / [-KD{c{r,z)) + KM{c{r,z))p{r)]r'^dr. 
Jo 

We set Xo = C^[0, 1] x R, which is a Banach space with the product norm and is densely and 
continuously embedded into X = C[0, 1] x R. We now define a nonlinear operator ¥ : Xq ^ X 
as follows: 

¥{U) = {Ao{p, z)p + J^ip, z), g{p, z)) for U = ip,z)e Xq. 



It is obvious that F € C°° (Xq , X) . Later on we shall also regard F as an unbounded nonlinear 
operator in X with domain Xq. With these notation and convention, we can rewrite (2.15) as 
the following differential equation in the Banach space X: 

§=m). (2.16) 

Here U = U{t) represents a Xo-valued unknown function for t > 0, and the left-hand side 
denotes the Frechet derivative of U = U{t) regarded as a mapping from [0, oo) to the X space. 

It will be convenient to denote, for U = {p, z) G X and V = {q, y) G Xq, 
Kq{U)V = z)q, 0) and ¥q{U) = {T{p, z),g{p, z)) . 

Then we have 

¥(U) = Ao{U)U + ¥o{U) for U G Xq. 

Clearly, for every U & X, Aq{U) is a bounded linear operator from Xq to X, i.e, Aq{U) G 
L(Xo,X). Furthermore, it can be easily seen that Aq G C°°{X,L{Xq,X)). Later on we shall 
also regard Ao(C/) as an unbounded linear operator in X with domain Xq. Finally, we note that 
FoGC7~(X,X)nC~(Xo,Xo). 

From [16] we know that under the conditions (1.7)-(1.9) which we assume to be true 
throughout the whole paper, the problem (2.2)-(2.6) has a unique stationary solution. It follows 
that the problem (2.8)-(2.12) has a unique stationary solution which we denote as (c*,p,,, n,,, z^,). 
By definition, (c* ) = (c*(r),p^,(r), ii*(r), 2;,=) (0 < r < 1) is the solution of the following 

problem: 

c'l + -c'^ = e^'*F{c^) forO<r<l, (2.17) 



r 

<(0) = 0, c,(l) = l, (2.18) 

u*P* = f{r,p*,z^) for < r < 1, (2.19) 

2 

< + -u* = -Kd{c^) + Km{c*)p^ for < r < 1, (2.20) 
r 

n,(0) = 0, u,(l)=0. (2.21) 

Let = (p*,z*). Then G Xq (see Lemma 2.1 below) and it is the unique equilibrium of 
(2.16), i.e., 

F(C/,) = 0, 



or 



Ao(C/,);7*+Fo(C/,) =0. 



Since our goal is to study asymptotic stability of the stationary solution it will be 
convenient to rewrite (2.16) into an equation for the difference V = U — U^. For this purpose 
we introduce two nonlinear operators A : X — > L{Xq,X) and G : X ^ X as follows: 

K{V)W = Ao(C/* + V)W + [A^)(C/,)iy][/* + ¥'q{U^)W for F G X, We Xq, 
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G{V) =[Ao{U, + V)- Ao{U,) - A'o{U,)V]U, 

+ [¥oiU, + V)- Fo(C/*) - F^([/,)y] for V G X. 
Then clearly (2.16) can be rewritten as the following equivalent equation for F = [/ — 

^ = A{V)V + GiV), (2.22) 

i.e., if ?7 is a solution of (2.16) then V = U — U^, is a solution of (2.22) and vice versa. We 
note that A G C°°(X, L(Xo, X)), G G C°^{X,X), and by using the Taylor expansions up to 
second-order for Prechet derivatives of Aq and Fq we have 

\MV)\\x = 0{\\V\\l) as ||y|U^O. (2.23) 

We also note that, by introducing an operator M : X ^ X by 

MW = [A'o{U^)W]U^ + ¥'o{U^)W for W e X, 

we have 

A(0) =r(C/*) =Ao(?7*)+B and A{V) = Ao{U^ + V) +M. 

Note that as an immediate consequence of the facts that A G C°°{X,L{Xq,X)) and Fq G 
C'^{X,X), we have B G L{X). We also note that [V Ao{U., + V)] G C°°{X, L{Xo, X)). 

From the above deduction it follows immediately that the stationary solution (c*,p*, -u*, z^) 
of (2.8)-(2.12) is asymptotically stable if and only if the trivial solution of (2.22) is asymptotically 
stable. More precisely, Theorem 1.1 follows if we prove that the solution V = V{t) of (2.22) 
satisfies ||^(i)l|xo < Kee~^*, t >0, provided ||T^(0)||xo < ^ for some small e > 0. Hence, later 
on we shall concentrate our attention on the equation (2.22). 

A simple computation shows that if we denote 

a(r) = KM{c4r)) - KN{c,{r)) - 2KM{c.{r))p,{r), (2.24) 

h{r)={K'p{c.{r)) + [K'j^{c.{r)) - K'^{c.{r))]p.{r) - K'^{c.{r))pl{r)}c,{r) 

+rp'^{r)\ [ gc{p)cz{p)p^dp- ^ f gc{p)cz{p)p^dp\, (2.25) 
'-Jo f Jo 

Bq{r) = rp',{r)\ j gpip)q{p)p^dp - \ f gpip)q{p)p^dp\, (2.26) 
'-Jo f Jo 

H(l)= [\p{p)Q{p)P^dp, (2.27) 
Jo 

K = [ gc{p)cz{p)p^dp, (2.28) 

^0 



and 



where 



dc 

9p{r) = KM{c*{r)), gdr) = -K',^{c^{r)) + K'i^{c4r))pdr), c^ir) = — (r, z^), 
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then we have 

'a{r)+i3 b{r) 



T 


K 


Mil 


Mi2\ 


M21 


M22 



(2.29) 



Here and hereafter, when we write M = I I for bounded Unear operators Mu € 

\M2l M22) 

L{Xi,Yi), M12 G L{X2,Yi), M21 € L{Xi,Y2), M22 G ^(^2,12), where Xi, X2, Yi and Y2 are 
Banach spaces, we mean that M is the bounded hnear operator from Xi x X2 to Yi x ^2 defined 
by 

M(xi,X2) = {Miixi + M12X2, M21X1 + M22X2) for {xi,X2) G Xi x X2. 
Using this notation we see that 

Ao(C/*) = , where Cq = Aq{p^, z^), 



0, 



and, for V = ((^, C) G X, 



Uv o\ 

Ao(C/, + V)= \ , where Cy = + V', 2* + 0- (2-30) 

We recall that a{r) < for ah < r < 1, see (2.7) in Section 2 of [8|. 

3 Some basic facts 

dc 

We summarize some basic properties of the functions c*(r) = c(r, z^), c^(r) = T^{r, z^), pJr) and 

oz 

u^{r) in the following lemma. These properties will play an important role in later discussions. 

Lemma 3.1 We have the following assertions: 

(1) c*, G C°°[0,1], and 

< c,(0) < c,(r) < 1 /orO<r<l, c',(r) > /or < r < 1, c',(0) = 0. (3.1) 

(2) GC[o,i]nC"-(o,i], 

< p*(0) < p*(r) < 1 /or < r < 1, ^^(r) > /or < r < 1, (3.2) 

and either p^ G C-'^[0, 1] or t/iere exists < 7 < 1 suc/i that lim^^Q+ r^p'^{r) exists and is finite, 
so that r'''p'^{r) G C[0, 1]. Moreover, 

lim rp'^{r) = 0, lim r'^p'^{r) = 0, lim r^p'l'{r) = 0. (3-3) 

r^0+ r^0+ r^0+ 

(3) u^: G C^[0, 1] n C°°(0, 1], and i/iere exisi positive constants Ci, C2 such that 

-Cir{l - r) < u^{r) < -C2r{l - r) for < r < 1. (3.4) 



Q 



Besides, either G C^[0, 1] or there exists < 7 < 1 such that lim^_,o+ f^u'l{r) exists and is 
finite, so that r"'u"{r) G C[0, 1]. Moreover, 

lim ru'l{r) = 0, lim r'^ul'{r) = 0. (3.5) 



Proof: The assertions that c*,C2 G C°°[0, 1] and relations in (3.1) are immediate. The 
assertions that G C[0, 1] nC°°(0, 1], G Ci[0, 1] nC°°(0, 1] and relations in (3.2) follow from 
Theorem 2.1 of |16j . by which we also know that u^{r) < for < r < 1. The last assertion 
combined with the facts that it*(0) < and ^i^l) > (see Theorem 7.1 of [16]) immediately 
yields (3.4). To prove (3.3) we compute: 

limu,(r)p;(r) = Kp{c,{0)) + [Km(c*(0)) - Kn{c,{0))]p,{0) - Km{c,{0))pUo) = 

r— >0 

(see (8.4) in Section 8 of il6j), so that 

lim rp'^{r) = lim — -— • lim u^(r)p'^(r) = 0, 

and 

lim u^{r)rp'l{r) = limr{K'p{c^{r)) + [K'^j(c*(r)) - K'^{c^{r))]p^{r) 

-i^;,(c,(r))p2(r)K(r) + lim {[i^M(c.(r)) - K^(c,(r))] 
-2iv:M(c*(r))p*(r)}rp'^(r) - lini n'^(r)ry^(r) = 

so that 

lim r'^p'Ur) = lim — -— • lim u^,(r)rp"(r) = 0. 

This proves the first two relations in (3.3). The proof of the third relation is similar and is 
omitted. Next, from (2.20) we can easily deduce that 

<(r) = [-K;5(c,(r)) +i^;^(c,(r))p,(r)]<(r) +E:M(c.(r))p:(r) 

2 6 r 

+ -[KD{c4r)) - KM{c4r))p^{r)] + — \ [-Kb(c*(p)) + Km{c*{p))pAp)V 
r ^ Jo 

= [-K'nicUr)) + K'Mic,{r))p4r)]cUr) + ^ f [i^D(c.(r)) - Koic^pWdp 

^ Jo 

6 r 

+KM{c4r))p'^{r) - ^ / [KM{c*{r))p*{r) - KM{c^{p))p*{p)]p'^dp. (3.6) 
^ Jo 

From this expression and the first relation in (3.3) we readily obtain the first relation in (3.5). 
The proof of the second relation in (3.5) is similar and is omitted. Finally, by Theorems 5.3 and 
5.4 of [H] we know that either G C^[0, 1] or there exist constants — 1 < a < and C such 
that^ 

p'^{r) = Cr" + 0(1) for r ^ 0. (3.7) 
^In the notation of Theorem 5.4 of [TS], we have a = a(A) and C — {1 + a{X))iu. 



in 



Suppose that it is the second case. Then, by letting 7 = |a|, we see that < 7 < 1 and 
f^p'^f) ^ C[0, !]• Finally, from (3.7) we see that 

p*(r) =p,(0) + C(l + a)-Vi+° + O(r) for r ^ 0. (3.8) 

Substituting (3.7) and (3.8) into (3.6) we get r^u"{r) £ C[0,1]. This completes the proof of 
Lemma 3.1. □ 

Corollary 3.2 Let a, h, B, T and B be as in (2.24) -(2.27) and (2.29). Then we have 
a,b G Clr[0,l], B G L(C7[0,1],C^[0,1]) C L(C[0, 1]) n L(C^[0, 1]), T G L(C[0,1],M), and 
IB G L(X)nL(Xo). Moreover, we also have r"^ {I - rf a" {r) , r"^ {I - rfb" {r) G C[0,1]. □ 

Corollary 3.3 G G C°°(X,X) n C°°(Xo,Xo), and in addition to (2.23) we also have: 

\\G{V)\\x, = 0{\\V\\l^) as (3.9) 

Proof: We have G{V) = Gi{V) + 63(1/), where 

Gi(y) = [Ao(C/* + V)- Ao(C/,) - A'o(C/,)y][/„ 

G2{V) = Fo(C/* + y) - Fo([/*) - F'o(C/,)y. 

Since Fq G C°^{Xq,Xq), it is evident that G2 G C°°{Xq,Xq) and |lG2(F)||xo = 0{\\V\\\^) as 
ll^llxo ^ 0. Next, let V = (if, C) and (p, z) = (p* + 99, + ("). Then by (2.30) we have 

Ko{U, + V)U, = (-u;p,,(r)p;(r),0). 

Using this expression and the first two relations in (3.3) we can easily show that for every V (z X 
we have Ao(C/* + V)U^ G Xq, and the mapping V Ao(f/* + V)U^, belongs to C°°{X, Xq). 
Hence we have Gi G C'^{X,Xo) C C°^{Xo,Xo) and \\Gi{V)\\xo = 0{\\Vfx) = 0{\\VfxJ as 
ll^llxo ~^ 0. Combining these assertions together, we see that the desired assertion follows. □ 

4 Evolution systems 

Given a small positive number e, we denote 

S, = {V = (99, C)^X = C[0, 1] X M : ||<^|U < e, |C| < e}. 

In this section we shall prove that the family of operators {A(y) : V G Ss} is a stable family 
of infinitesimal generators of Co semigroups on X, and its part in Xq is a stable family of 
infinitesimal generators of Co semigroups on Xq . For the concept of stable family of infinitesimal 
generators of Cq semigroups and related results, we refer the reader to see Sections 5.2-5.5, 
Chapter 5 and Section 6.4, Chapter 6 of [2^. We use the notation A{V) to denote the part of 
A{V) in Xq. Recall that 

Dom(A(1/)) = {[/ G Xo : A{V)U G Xq}, and 
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A(y)U = A(y)U for U G Dom(A(y)). 



Let w e C^[0,1] and assume that it satisfies the foUowing condition: There exist positive 
constants Ci and C2 such that 

-Cir{l - r) < w{r) < -C2r{l - r) for < r < 1. (4.1) 

Note that this assumption particularly imphes that w{0) = w{l) = 0, w'{0) < and w'{l) > 0. 
For a such w € C^[0, 1], we denote by Cq the bounded hnear operator from Cy[0, 1] to C[0, 1] 
defined by 

^oQ'(^) = —w{r)q'{r) for < r < 1, for q G Cy[0, 1]. 

Later on we shall also regard Cq as an unbounded linear operator in C[0, 1] with domain Cy [0, 1]. 
Note that \i w = then = Aq{p*, z*). 

Lemma 4.1 Let the notation and the assumption he as above. Then generates a Cq 
semigroup of contractions e*^" on C[0,1], i.e., 

\\e'^''\\Licio,i])<l fort>0. (4.2) 

Moreover, Cy[0, 1] is Co-admissible^, and the restriction of e''^^ on Cy[0, 1] is a uniformly 
bounded Cq semigroup on Cy[0, 1], i.e., there exists constant C > depending only on the 
constants Ci and C2 in (4.1) such that 

l|e*^1lL(c^[o,i]) < fort>0. (4.3) 



Proof. We first prove that for any A € C with ReA > and any / G C[0, 1], the equation 

-w{r)q'{r) - \q{r) = f{r) (4.4) 

has a unique solution q E Cy[0, 1], and \\q\\oo < (ReA)^^ ||/||oo- 

Arbitrarily take a number < tq < 1 and fix it. Since the equation (4.4) is linear and 
regular for all < r < 1, for each given c G M it has a unique solution for all < r < 1 satisfying 
g(ro) = c. In fact, this solution is given by 



q(r) = e ■'n) c— I '' )''[ e^-^^'o "'(p) drj . (4.5) 
L J TO w{v) J 

Since w G C^[0,1] and w{0) = 0, we have w{r) = w'{0)r[l + o(l)] = w'{0)r[l + o{l)]-^ for 
r ~ 0^. Thus, by taking 5 > sufficiently small, we see that 

dp 1 r 1 + 0(1) J dp 1 + 0(1), 

-dp+ —7-:- = — ^logr + C (4.6) 



•0 w{p) w'{0) Js p Jro w{p) u;'(0) 



^Recall that for a Co semigroup T{t) [t > 0) on a Banach space X generated by an unbounded linear operator 
A in X, a, linear subspace y of X is called A-admissible if it is an invariant subspace of T{t) for all t > 0, and 
the restriction of T{t) (t > 0) to K is a Co semigroup in Y. A necessary and sufficient condition for Y to be 
^-admissible is that (1) Y is an invariant subspace of R{X,A) for all A > lj and (2) the part A of y4 in y is an 
infinitesimal generator of a Co semigroup on Y. In this case we have e*'* = e*'*|y. See Theorem 5.5 in Chapter 4 

of ED. 
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for r ~ 0+. Since w'(0) < and ReA > 0, it follows that 

_y rr dp A[l + o(l)] 

g -^Jro ^ = Cr i^'c^)! ^0 as r ^ 0+. 

Hence, using the L'Hospital's law we see that for any c G M the function q{r) given by (4.5) has 
finite limit as r — > 0+. By a similar argument as in the deduction of (4.6) we have 

_^ rr dp A[l+o(l)] 

e •'''0 ■^(p) = C{1 — r) ""'(i) — > oo as r — > 1~. 

It follows that the function q{r) given by (4.5) cannot be bounded in a neighborhood of r = 1 

fiv) A f 

unless we take c = / — --^e ■''"o ""(p) dr], which gives 

Jro '^iV) 

q(r) = e~'^-^-o^ [ l^e^ ^-o"^) dri. (4.7) 
Jr W{V) 

By using the L'Hospital's law we can easily verify that the function q{r) given by (4.7) has 
finite limit as r ^ 1~. Hence, we have shown that if RcA > then for any / G C[0, 1] the 
equation (4.4) has a unique solution q G C[0, 1] fl C^(0, 1). Using (4.4) as well as the fact that 
w{r)/r{l—r) G C[0, 1] we see readily that q G Cy [0, 1]. Furthermore, by a simple computation 
we have ^ 

\q{r)\<\\f Wooe^^^'^^-^^o A _l_e-(^"^)^'o WU>T\dr} 



< mJ^ for < r < 1. 
- ReA 



ReA L 

This proves the desired assertion. 

Thus, we have proved that for any A G C with ReA > 0, there holds A G p{Cq) and 

P(A,/:o)||l(c[o,i])<^- (4.8) 

It follows by the Hille-Yosida Theorem that Cq generates a strongly continuous semigroup e*'^" 
on C[0, 1] which satisfies the estimate (4.2). 

Next wc prove that Cy[0, 1] is /^o-admissible. Clearly, Cy[0, 1] is an invariant subspace of 
i?(A,£o) for all A G C with ReA > 0, because we know that for such A, R{X, Cq) is a bounded 
linear operator in C[0, 1] with image contained in Dom(£o) = C'yfO, !]• Let Cq be the part of 
jCo in C^[0,1]. Since r{l-r)/w{r), wir)/r{l-r) G C[0, 1], we see that for q G C[0, 1] n (7^(0, 1), 
r{l — r)q'{r) G C[0, 1] if and only if w{r)q'{r) G C[0, 1], and, furthermore, there exist positive 
constants Ci and C2 such that 

Ci sup \'w{r)q'{r)\ < sup \r{l — r)q' {r)\ < C2 sup \'w{r)q' {r)\. 

0<r-<l 0<r<l 0<r-<l 

By the above assertion it follows easily that 

Dom(£o) = € C[0, 1] n C2(0, 1) : w{r)q'{r) G C[0, 1], w^{r)q"{r) G C[0, 1]}, (4.9) 

and \\q\\'(~,i ^ = H^Hoo + Hi^^'lloo is an equivalent norm in Cy[0, 1]. For q G Dom(£o) we have, 
by definition, Coq = Coq. Now let / G Cy[0, 1] and ReA > 0. Let q be the solution of (4.4). 



Using (4.9) we can easily verify that q G Dom(>Co), so that it is the solution of the equation 
£,Qq — \q = f. Moreover, a simple computation shows that wq' = R{Cq, X){wf'). Thus, by (4.8) 
we have 

ll«llc' 10,11= + = ■^l/ll"" + A)(w/')|lco 

Hence A G p{jCo) and ||i?(A,>Co)||^i [q ^ < (ReA)~^. The desired assertion then follows from the 
Hille-Yosida Theorem and the footnote on Page 12. □ 

Given V = {cp, C,) € S^, we set p{r) = p^,{r) + (p{r), z = z^, + and as before we denote 

1 r 

Up,z{r) = ^ [-Kd{c{p,z)) + KM{c{p,z))p{p)\p^dp and Wp^z{r) = Up^zir) - rup^z{l) . 
f Jo 

Since ||<^||oo < £ and \(\ < e, by a simple computation we see that 

-Cer(l -r)< Wp^^ir) - w*(r) < Cer(l - r) for < r < 1. (4.10) 

Since — Cir(l — r) < u*(r) < — C2r(l — r), it follows that 

(1 + Ce)u^{r) < Wp^zir) < (1 - Ce)u^{r) for < r < 1, 

and, consequently, for e sufficiently small we have 

-Cir(l - r) < Wp^z{r) < -C2r(l - r) for < r < 1. (4.11) 

Later on we shall also use the notation wv{r) to re-denote Wp^z{f). We note that all constants 
C, Ci and C2 that appear in (4.10)-(4.11) are independent of V and e. 

Lemma 4.2 {A(F) : V G S^} is a stable family of infinitesimal generators of Co semi- 
groups on X = C[0, 1] X R, and {A{V) : V G S^} is a stable family of infinitesimal generators 
of Co semigroups on Xq . 

Proof. Let £yg(r) = —wv{r)q'{r). Then by Lemma 4.1 we know that for any V G S^, Cy 
is an infinitesimal generator of a Co semigroup of contractions e*'''^ on C[0, 1]. Since 

Ao(C/* + y) = , (4.12) 

(see (2.30)), it is evident that for any F G -S^, Ao(i7* + F) is an infinitesimal generator of a Co 
semigroup of contractions e*^o(^*+^) on X = C[0, 1] x R. In fact, 

gtAo(!7*+y) ^ 

Hence, {Ao(i7* + y) : F G iSg} is a stable family of infinitesimal generators of Cq semigroups on 
X, with stability constants (M,w) = (1,0). Since kiy) = Ao{U^ + V)+M and B is a bounded 
linear operator on X independent of V, by a standard perturbation result (see, e. g. Theorem 
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2.3 in Section 5.2 of [25]) we immediately get the assertion that {A(y) : V € S^} is a stable 
family of infinitesimal generators of Cq semigroups on X = C[0, 1] x M, with stability constants 
(M,cu) = (1,||]B||). 

In order to prove that {A(y) : V G Ss} is a stable family of infinitesimal generators of 
Co semigroup on Xq = Cy[0, 1] x M, we first establish an estimate for the semigroup e*^^ on 
Cy[0, 1] different from (4.5), where Cy represents the part of Cy in Cy[0, 1]. Let qo G (^^[0, 1] 
and q = e*^^go = e^^^Qo- Then q is the solution of the problem: 

dq dq 

— + wv{r)-^ = ^ for < r < 1 and t > 0, q\t=o = go- 
at or 

dqiv^ t) 

Let l{r,t) = r(l — r) — — and lo{r) = r{\ — r)q'Q[r). Differentiating the above equation in r 
and multiplying it with r(l — r), we get 

dl , ,dl 

r(l 



dl dl 

— + wy(r)— = av{r)l for < r < 1 and t > 0, /|t=o = /o, 
where ai/(r) = (1 — 2r)— — w'y{r). Clearly, there exists a nonnegative constant co inde- 



pendent of V such that 

dvir) < Co for < r < 1, for all V € S'g. 
Using this fact and a standard characteristics argument we can easily obtain 

\\l{-Moo < ll/ollooe'^''* for t >0. 
Combining this estimate with ||g(-,t)||oo < lko||oo ensured by (4.2) we get 

lk(-,i)llci.[o,i] < lko|lc^[o,i]e"°* for t > 0. 

Hence 

l|e*^''llL(ci,[o,i]) < e^"* for * > 0. for ah F € 5^. 

Hence, {Cy '■ V G S^} is a stable family of infinitesimal generators of Co semigroups on Cy [0, 1], 
with stability constants {M,uj) = (l,co). Using this assertion and (4.12) we see easily that 
{Ao{U^+V) : V G Se}, the part of {Ao{U^+V) :V eSe} on Xq = C[0, 1] xM, is a stable family of 
infinitesimal generators of Co semigroups on Xq, with stability constants {M,uj) = (l,co). Since 
A{V) = Aq{U:^ + V) +M and, by Corollary 3.2, B is a bounded linear operator on Xq independent 
of V, we conclude as before that {A(y) : V G Ss} is a stable family of infinitesimal generators 
of Co semigroups on Xq = Cy[0, 1] x M, with stability constants {M,uj) = (l,co + ^ i^^). 

This completes the proof of Lemma 4.2. □ 

Since A G C°°{X, L{Xo, X)),hj Lemma 4.2 we see that for any V G C([0, oo),X) such that 
V{t) G Se for ah t > 0, {A{V{t)) : t > 0} satisfies the conditions (Fi)-(i?3) in Section 5.3 of 
[25j . It follows by Theorem 3.1 in Section 5.3 of [25] that given a such function V = V{t), there 
exists an evolution system determined by {A(V{t)) : t > 0}, which we denote as V{t,s,V). By 
definition, this means that 

(1) for any t > s >0, V{t, s, V) is a bounded linear operator on X, 



(2) U(s, s, V) = id for all s > 0, V{t, s, V)U{s, r, V) = U(t, r, V) for all t > s > r, and 

(3) the mapping {t, s) U(t, s, V) is strongly continuous for t > s > 0. 

However, the theory developed in [25J does not ensure that U = U(t, s, V)Uq is a solution of the 
problem 

— = MV{t))U for t > s, 

dt (4.13) 

U\t=s = Uo, 

even if Uq € Xq, unless some other conditions are satisfied by \J{t,s,V). These conditions are 
as follows (see the conditions (E/j^) and {E^) in Theorem 4.3 in Section 5.4 of [25j): 

(4) U(t, s, V)Xo C Xo for any t > s > 0, and 

(5) for any Uq G Xq, the mapping {t, s) U(t, s, V)Uo is continuous in Xq ior t > s > 0. 

In the following lemma we shall directly prove that for any Uq G Xq, the problem (4.13) has 
a unique solution U = Usit) G C{[s, oo),Xo) n C^{[s, oo), X). By Theorem 4.2 in Section 5.4 
of [23, it then follows that Us{t) = l]{t, s,V)Uo and, consequently, the conditions (4) and (5) 
above are satisfied. 

Lemma 4.3 Given V G C([0, cxd),X) such that V{t) G Ss for all t >0, for any s > and 
any Uq G Xq the problem (4.13) has a unique solution U = Us{t) G C([s, cxd), Xo)nC^([s, oo),X). 

Proof. Let U = {q,y) and Uq = {qo,yo)- Then (4.13) can be rewritten as follows: 
dq dq 

— + wv{r, t)— = a{r)q + B{q) + b{r)y for < r < 1, t > s, 
^=jr^q)+^y for t>s, (4.14) 

q\t=s = qo{r) for < r < 1, and y\t=s = Vo- 

Using the characteristic method and the Banach fixed point theorem, we can easily show that 
this problem has a unique local solution {q, y) with g G C([0, 1] x [0, 5\) and y G C^[0, S\ for some 
(5 > 0. Since wv{^,t) = wv{^,t) = for all t > 0, we see that the two lines r = and r = 1 
are characteristic curves. It follows that all characteristic curves starting from the open interval 
(0, 1) always lie in it, so that the solution of the above problem exists for all t > s. It remains 
to prove that q G C([0, oo), Cy [0, 1]). To this end we formally differentiate the first equation in 

(4.14) in r and multiply it with r(l — r), which gives, by letting /(r, t) = r(l — r) — — , that 
dl dl 

— +wv{r,t)—=ai{r,t)u + fi{r,t) for < r < 1, t > 0, (4.15) 
at or 

where 

a.(M)=a(r) + (l-2r)^2d!l^l_5^vM. 

r(l— r) or 

f^{r, t) = r{l-r)a'{r)q{r, t) + r(l-r)^^4^ + r{l-r)h' {r)y{t). 

or 

Clearly, oi G C([0,1] x [0,oo)). By Corollary 3.2 we see that also /i G C([0,1] x [0,oo). Thus 
by using the characteristic method we can easily prove that (4.15) imposed with the initial 



condition l{r,0) = r{l — r)qQ{r) has a unique solution I G C([0, 1] x [0,cx)). Thus, the above 
formal computation makes sense and, consequently, q G C([0, oo), [0, 1]) fl Ci([0, oo), C[0, 1]). 
The desired assertion now becomes immediate. □ 

By the above results and Theorems 4.2 and 5.2 in Sections 5.4 and 5.5 of [25], we get: 

Corollary 4.4 Let V = V{t) € C([0, oo),X) be as in Lemma 4.3, and let F = F{t) G 
C([0, oo), Xq). Then for any Uq G Xq, the initial value problem 

^ = A{V{t))U + F{t) fort>0, U{0) = Uo 
at 

has a unique solution U = U{t) & C{[0,oo), Xq) n C-'^([0, oo), X), and it is given by 

U{t) =l]{t,0,V)Uo+ [ V{t,s,V)F{s)ds. 
Jo 

□ 



5 Similarity transformation 

In this section we shall study a family of C^-diffeomorphisms f = T{r, t, s) of the unit interval 
< r < 1 to itself, where t > s > are parameters. This family of diffeomorphisms will be 
used in the next section to deduce a uniform decay estimate for the evolution system U(t, s, V) 
established in the previous section when V is replaced by an exponentially decaying function 
V = V{t)eC{[0,^),Ss). 

Let w G C([0, oo), C"^ [0, 1]). We assume that w satisfies the following condition: For some 
small parameter e > 0, 

-Cer(l - r)e"''* < w{r,t) - u^{r) < Cer{l - r)e"^* for < r < 1, t> 0, (5.1) 

where C is a positive constant independent of e and w. Since — Cir(l — r) < u*(r) < —C2r{l — r), 
we see that 

w{r, t) 



sup 

0<r<l u^{r) 

and for e sufficiently small we have 



1 



< Cee"''* for < r < 1, t>0, (5.2) 



-Cir{l - r) < w{r,t) < -C2r{l - r) for < r < 1, t>0 (5.3) 

and 

1 voir A) 

- < \' / < 2 for < r < 1, t > 0. 5.4 

Let < < 1 and s > 0. Consider the following initial value problem: 

dr 

— = u^{r) for t > s, r\t=s = (5-5) 
dt 
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Since u* G C^[0, 1], u*{r) < for < r < 1 and, in particular, ^^(O) = ^^(l) = 0, it can be 
easily shown that this problem has a unique solution r = s) for all t>s, satisfying the 

following properties: 

s) is twice continuously differentiable in {^,t,s), 

$*(0,t,s)=0, ^>*(l,t,s) = l fort>s, 
0<$*(C,t,s)<l forO<^<l, t>s, 

7^ > 0, ;r- < for < 5 < 1, t>s. 

ot. ot 

Note that we also have 

^*(^,s,s) = C and = $*(^,t-s,0) for < ^ < 1, t > s- 

Prom these properties we see that for any s > and t > s, the mapping ^ — > r = $*(^, t, s) is a 
diffeomorphism of [0, 1] to itself. Let ^ = **(r, t, s) be the inverse of this mapping. Clearly, 
satisfies the following properties: 

**(r, t, s) is twice continuously differentiable in (r, i, s), 

^'*(0,t,s) = 0, ^'*(l,t,s) = l fort>s, 

< **(r,t,s) < 1 for < r < 1, t>s, 

d-^Jr,t,s) ^ d-^Jr,t,s) ^ , ^ 

V ^ > 0, V > for < r < 1, t > s, 

or ot 

**(r,s,s)=r and ^'*(r, t, s) = ^'*(r, t - s, 0) for < r < 1, s > 0. 
Furthermore, by the definition of we have the following relations: 

^,{M^,t,s),t,s)=^ forO<^<l, t>s, 

s) = r for < r < 1, t > s. 

From the first relation we easily deduce that $, = 5'*(r, t, s) is the unique solution of the following 
initial value problem: 

% + = ioi t>s, ^\t=s = r. (5.6) 

Next, let r = ^{C,t, s) (0 < ^ < 1, t > s > 0) be the solution of the following problem: 

dv 

— = w{r,t) for t > s, r\t=s = ^. (5.7) 

Similarly as before, $(^,t, s) is well-defined for all < ^ < 1 and t > s, and it satisfies the 
following properties: 

$(^,t, s) is continuously differentiable in (^,t, s), 

$(0,t,s)=0, $(l,t,s) = l fori>s, 
< $(^, t,s) <1 for < ^ < 1, t > s, 
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> 0, < for < ^ < 1, t>s, 

$(^,s,s) = ^ forO<^<l, s>0. 

From the above properties we see that for any s > and t > s, the mapping ^ ^ r = $(^, t, s) is 
a diffeomorphism of [0, 1] to itself. Let ^ = ^'(r, t, s) be the inverse of this mapping. Similarly 
as before we have 

^'(r, t, s) is continuously differentiate in {r,t,s), 
^'(0,t,s)=0, ^(l,t,s) = l fort>s, 

0<*(r,t, s)<l for < r < 1, t>s, 

d^(r,t,s) ^ d^(r,t,s) ^ , ^ 

' ' > 0, \' ' ^ > for < r < 1, t>s, 

or ot 

'^{r,s,s)=r for < r < 1, s > 0. 
Moreover, we have the following relations: 

^m^,t,s),t,s)=^ for 0<C< 1, i>s, 

^{^{r,t,s),t,s) =r forO<r<l, t>s, 
and ^ = *(r, t, s) is the unique solution of the following initial value problem: 

^ + w{r, t)^=0 iov t>s, C\t=s = r. (5.8) 

In the sequel we consider the following initial value problem: 



' dr dr _ 

— + w(r,t)— = uJr) for < r < 1, t>s, 
at or 

f\t=s = r for < r < 1. 



(5.9) 



Lemma 5.1 For any < r < 1 and s > 0, the problem (5.9) has a unique solution 
f = T{r, t, s) for all t > s, and the following relation holds: 

T{r,t,s) = ^4-^{r,t,s),t,s) forO<r<l, t>s>0. (5.10) 



Proof Using (5.5) and (5.8) we can easily verify that r = $*(^'(r, t, s), t, s) is a solution of 
the problem (5.9). Thus, (5.10) follows by uniqueness of the solution. □ 

By (5.10), it is evident that for any s > and t > s, the mapping r — > f = T{r, t, s) is a 
diffeomorphism of [0, 1] to itself, satisfying the following properties: 

r(0,t,s) = 0, r(l,t,s) = l fort>s>0, 
> for < r < 1, t>s. 

or 

We denote by r = S{f,t, s) the inverse of this mapping. By (5.10) it is clear that 

S{f,t,s) = ^{'^*{r,t,s),t,s) forO<f<l, t>s>0. (5.11) 
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It is also clear that S{r, t, s) satisfies the following properties: 

S{0, t, s) = 0, S{1, t,s) = l for t > s > 0, 

^^^llA > for < f < 1, t>s>0. 
or 

T and S can be expressed in more explicit formulations. To show this we introduce a 
function as follows: 

= - r ^ = f for < r < 1. (5.12) 

Clearly, eC^{0,l), F^(r) > for all < r < 1, and 

lim -F*(r) = — oo, lim -F*(r) = oo. 

r— >0+ r— »1~ 

Hence f = F*(r) is a diffeomorphism of the open unit interval (0, 1) to the real line (— oo, oo). 
Prom (5.5) we easily obtain 

F,($,(^,i,s)) -F,(0 = -t + s. 

Thus 

M^,t, s) = F-i(F,(0 -t + s), (5.13) 

and, consequently, 

*.(r, t, s) = F-\F,{r) +t-s). (5.14) 

Next, let 

g{^,t,s) = Gm,t,s),t), where G(r,i) = ^^-1. 

Since w{r, t) = [1+G{r, i)]it*(r), from (5.7) we see that r = ^>(4, t, s) is a solution of the following 
problem: 

dv 

— = [l + g{^,t,s)]u4r) fovt>s, r\t=s = (5.15) 
Thus similarly as before we have 

F, ($(e, t, s)) -F40 = -t + s- ^* 9{^, T, s)dT, (5.16) 

so that ^ 

^^,t,s) = F-'{F4^)-t + s- gi^,T,s)dT), (5.17) 

^{r,t,s) =F-^{F4r) + t-s + g{^{r,t, s),t, s)dT) . (5.18) 
Combining (5.10), (5.11), (5.13), (5.14), (5.17) and (5.18) we see that 

T{r,t,s) = F-\F,{r) + g{^{r,t,s),T,s)dT), (5.19) 
S{r,t,s) = F-\F,{r)- f g{^,{r,t, s),t, s)dT). (5.20) 

J s 
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Lemma 5.2 Assume that \(\ < C. Then there exist positive constants Ci and C2 depending 
only on C such that for any < r < 1 we have 

Cir(l - r) < F-\F,{r) + C) [l - F-\F,{r) + Q] < C^2r(l - r). (5.21) 



Proof. Since —C<<^<C,hy the monotonicity of F^ we have 

F-\F4r) -C)< F-\F4r) + C) < F-\F,{r) + C). 



Thus 



and 



F-\F,{r) + ^ F-\F4r) + C) 



l-F-\F4r) + ^ l-F-\F,{r)-C) ^ 
1 — r ~ 1 — r 



We claim that 



Hm + ^ ^cKm (5.22) 

r^0+ r 

Indeed, since (r) = <(0)r[l + 0(r^)] (for r ^ 0) for some < (3 < I (see Assertion (3) of 
Lemma 3.1), we have l/ti*(r) = [1 + O{r^)]/u'^{0)r (for r ~ 0), so that 



which yields 



Thus 



and, consequently. 



F^{r) = logrl"'*(o)l + Ci + O(r^) for r ~ 0. 



F-\F4r) + C)= re^\<m+0{r^) for r ~ 0, 
by which (5.22) follows immediately. Similarly, we also have 

lim -C)^^CKm, (5.23) 

r^l- 1 — r 

By (5.22) and (5.23), the second inequality in (5.21) immediately follows. The proof for the first 

inequality in (5.21) is similar. This completes the proof of Lemma 5.2. □ 

Corollary 5.3 For e sufficiently small we have 

Cir{l-r)<T{r,t,s)[l-T{r,t,s)] <C2r(l-r), (5.24) 

Cif(l -f) < S{r,t,s)[l-S{f,t,s)] < C2f(l -f). (5.25) 
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Proof. Let C = / gi'^i''',t, s),t, s)dT. By (5.2) we have 

J s 

rt pt poo 

ICI < / \9i^{r,t,s),T,s)\dT <Ce e-^'^dr < Ce e'l^'^dr <Ce<C. 

J s Js Jo 



10 

Hence, (5.24) follows from (5.19) and (5.21). Similarly, (5.25) follows from (5.20) and (5.21). 

□ 

As an immediate consequence of Corollary 5.3 we see that there exists constant C > 1 such 
that for £ sufficiently small wc have 

C-i^IhlA<c and C-'<^^^<C. 
r r 

Corollary 5.4 For e sufficiently small we have the following inequalities: 
Ci^^ir, t, s)[l ~ ^,(r, t, s)] < *(r, t, s)[l - *(r, t, s)] < C2^*(r, t, s)[l - ^,{r, t, s)]. (5.26) 
Ci$,(f, t, s)[l - $*(f, t, s)] < $(f, t, s)[l - $(f, t, s)] < C2Mr, t, s)[l - Mr, t, s)]. (5.27) 

Proof Let f = **(r, t, s) and C = J 9{^{i~, t, s),t, s)dT. Then by (5.14) and (5.18) we have 

M/(r,t,s) =F-i(F,(f) + C). 
By this expression and (5.21) we immediately obtain (5.26). The proof of (5.27) is similar. □ 

As an immediate consequence of Corollary 5.4 we see that there exists constant C > 1 such 
that for £ sufficiently small we have 

C-<i^<C and C7-<^^<C. 
'^*{r,t,s) ^^{r,t,s) 

Lemma 5.5 We have the following inequalities: 

|T(r, t, s)-r\< Ce(e-^' - e-^*)r(l - r), (5.28) 

\S{r,t,s)-f \ < C£{e-i'' -e-i'^)f{l-f). (5.29) 

Proof. Similarly as in the proof of Corollary 5.3 we have 

\g{^{r, t, s), r, s)\dT < C£ e'^^ < Cei^e-^' - e"'^*) . 

Thus, by noticing that — * = — , = \u*(F~^(ri))\, we see that 

dri Fi{F^ \r])) 

|T(r, t, s) - r\= \F-\F4r) + j' g{^{r, t, s), r, s)dr) - F-\F,(r))| 

< f' \u,{F-\F,{r) + CeMdO ■ f\gi^ir,t,s),T,s)\dT 

Jo Js 

< C£(e-^^ - e-^*) • \u.{F-\F4r) + (eMde. 
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where Ce = & 9i'^i''',t,s),T,s)dT. Since \Q\ < C and |m*(77)| < Cri{\ — t]), by Lemma 5.2 we 

J s 



have 



lu^F-'iF^r) + CeM < CF-\F,{r) + Ce))[l - F-\F,{r) + Ce))] < Cr{l - r) 



Substituting this estimate into the above inequahty, we see that (5.28) follows. The proof of 
(5.29) is similar. □ 

Corollary 5.6 We have the following inequalities: 

t, s) - '^4^, t,s)\< Ce{e-''' - e-^*)<I>,(e, t, s)[l - t, s)], (5.30) 
\^{r,t,s)-^4r,t,s)\ < Ce{e-''' - e-''^)^4r,t,s)[l - ^4r,t,s)]. (5.31) 



Proof: Let r = $(^,t,s). Then ^ = ^'(r,t,s) and $*(^,t,s) = $*(*(r, i, s), t, s) = T{r,t,s). 
Thus by (5.28) we have 

m,t, s) - M^,t,s)\ = \r- T{r,t, s)\ < Cs{e-''' - e-'^*)r(l - r). 

Substituting r = $(^, t, s) into the right-hand side of the last inequality and using (5.27), we see 
that (5.30) follows. The proof of (5.31) is similar. □ 



Lemma 5.7 Assume that in addition to (5.2) there also holds 



max 

0<r<l 



dw{r,t) , 



dr 



Then we have the following estimates: 



^-Ce(e-''*-e-''*) ^ dT{r, t, s) ^ (e-Ms_e-Mt) 

~ dr ~ 

„-C£(e-''''-e-^*) ^ dS{f, t, s) ^ ^C'£(e-Ms_g->it) 

~ df ~ 



(5.32) 

(5.33) 
(5.34) 



Proof. Recalling that T{r, t, s) = $*(*(r, t, s), t, s), we see that 

-^^~{^{r,t,s),t,s)^^ = -^{^{r,t,s),t,s)[—i^ir,t,s),t,s) 



=exp K($,(e,r,s)) - ^m^,r,s),T)]dT 



k=*(r,t,s) 



(5.35) 



We have 



(fin 

+[u:m,r,s))-—m,r,s\T)]. 



By the assumption (5.32) we have 



sup 



(fill 

u:m,T,s))-—m,T,siT] 



< sup 

0<r<l 



, dw 



< Cee' 



9.^ 



Next, by the assertion (3) of Lemma 3.1 we know that there exists < 7 < 1 such that 
r'^u'l{r) G C[0, 1]. With this fact in mind, we use the mean value theorem to compute 



u. 



=ICX'(C)I • 



C 



= \U':{0\\M^,T,S)-^^,T,S) 



k=*(r-,t,s) 



($(e,r,s)) ^|$.(C,r,s)-$(^,r,s)| 



where ( = 0^^,{S,,t,s) + (1 — r, s) for some < ^ < 1 (depending on ^, r, s). Since there 

T s) 

exists constant < c < 1 such that ' — ^— > c for e sufficiently small, we have ( > c$(^, r, s). 
Thus 

e=*(r,t,s) 

<Cs{e-'^^ - e-^-)($(e,r,s))-^$.(^,r,s)[l - M^,r, s)]\^^^^^^^^^^ 

<Cs{e-^^ - r, s)) ^"^[1 - ^ r, s)] \^^^^^^^^^^ 

=Ce{e-''' - e"^^) (*(r, t, r)) ^"^[1 - *(r, t, r)]. 
In getting the last equality we used the following relation: 

$(*(r, t, s),T, s) = -^{r, t,T) for < r < 1, s < r < f. (5.36) 

The proof of this relation is as follows: From (5.8) we know that p = ^{r,t,T) is a solution of 
the following problem: 

^+w{r,t)^=0 for 0<r < 1, t>r, p\t=r = r. 

But it is easy to verify that p = ^{^{r,t, s),t, s) is also a solution of this problem. Hence, by 
uniqueness we have (5.36). Hence, using (5.26) and (5.14) we get 



dw 



4($.(e,r,s))-— ($(e,r,s),r) 



?=*(r,t,s) 



<C£(e-^^ - e-^")(*,(r,i,r))' ^[1 - **(r,i,T)] + Cee"'^^ 



9A 



It follows that 

rt 



=Ce{t 



|u*(r/)|. 



Jr \u*{V)\ 
Jo 

Combining this result with (5.35), we see that (5.33) follows. Finally, (5.34) is an immediate 
consequence of (5.33). □ 

Corollary 5.8 Under the assumption of Lemma 5.7, for e sufficiently small we have 



dT{r,t,s) ^ 
dr 



< Ce{ 



dS{f,t,s) 



and 



□ 



or 



dr 

.dSir,t,s) 



-/IS „ — IJ-t 



dr 



< C. 



Lemma 5.9 Assume that a G Cy[0, 1]. Then we have 

||a(5(-,i,s)) - alloc <C||a||ie(e-'^^-e-^*), (5.37) 
where \\a\\i = maxo<r<i ?"(1— T')|ci'(?")|- If further r^{l—r)^ a" (r) G C[0, 1] then we also have 



\\aiSi-,t, s)) - a||c.i,[o,i] < C'||a||2e(( 
where \\a\\2 = ||a||i + maxo<r<i r^(l— r)^|a"(r)|. 
Proof. We have 

\a{S{r,t,s))-air)\ = |a'(r?)||S(r, t, s) - r| 
r(l — r) 



—fj,s „— /tit 



(5.38) 



<Cev{l-v)\a'{v)\ 



r]{l-r]) 



MS _ e-'^*) < C||a||i£(e-'^" - e'"*), 



where rj = {1 — 9)r + 9S{r, t, s) for some < 9 < 1 (depending on r, t and s). In getting the last 
inequality we used the inequality 

r]{l-ri) >Cr{l-r) for < r < 1, 



9.^ 



which follows from (5.25) and the following identity: 

r]{l-r]) = {l-0)r{l - r) + eS{r,t,s)[l-S{r,t,s)] + eil-9)[r-S{r,t,s)f 
Hence (5.37) is proved. Next, we compute 

r(l — r) 



daiSir, t, s)l _ ^ ^ .))^%^ - a'{r) 



dr 



<r{l-r)\a'iS{r,t,s))\ 



dS{r,t,s) 



dr 



1 



_l_ r(l—r)\a'{S{r, t, s)) — a'{r)\ 



<C\\a\\i ■ Ceie-i"' - e"'^*) + r(l - r)\a" {ri)\\S{r,t, s) - r\, 

where r/ = (1 — 9)r + OS{r, t, s) for some < ^ < 1 (depending on r, t and s). Similarly as before 
we have 

r(l - r)\a"{r])\\S{r,t, s) - r\<r{l - r)\a"{r])\ ■ Ce{e-''' - e-'^*)r(l - r) 

<C{msiKo<r<lr^{l-rf\a"{r)\)e{e-^'' - e-t"^). 

Hence (5.38) is proved. This completes the proof of Lemma 5.9 □ 

Lemma 5.10 Given a G C[0, 1], we define a bounded linear operator L in C[0, 1] by 

L{q){r) = ^ j\{p)q{p)p'dp for q € C[0, 1], < r < 1, 
and L{q){0) = lim L{q){r) = -0(0)^(0). Let f = T{r,t,s) and r = S{f,t,s) be as before, and 

r—*0+ 3 

let L be the following bounded linear operator in C[0, 1]: 



L{Q){r) = ^ / a{p)q{T{p,t,s))p'^dp 
r-^ Jo 



r=S{f,t,s) 



forqeC[0,l], 0<f<l, 



and L{q){0) = lim L{q){r) = -a(0)g(0). Assume that a G Cy[0, 1]. Then both L and L are 

r— »0+ 3 



bounded linear operators from C[0, 1] to Cy[0, 1], and we have 

11^ - -^IIl(C[o,i],ci [0,1]) < C'll«llci [o,i]£(e"''* - e""*)- 



(5.39) 



Proof. We only give the proof of (5.39), because the proof of the assertion that both L and 
L are bounded linear operators from C[0, 1] to Cy[0, 1] follows by a similar argument. 

We first note that for q G C[0, 1] and < f < 1, L{q){f) can be re-written as follows: 



L{q){f) 



[S{f,t,s)fJ^ 



a{S{p,t,s))q{p) 



S{p,t,s)]'^dS{p,t,s) 2, 
p ap. 



dp 



0(\ 



Thus 

L{q){f) - L{q){f)-- 



+ 
+ 
+ 



S{f,t,s) 

f 



3 1 r 

• ^3 / a{S{p,t,s))q{p) 
J 



5(p,t,s)l2r55(p,t,s) 



S{r,t,s) 
f 

S{f,t,s) 
f 



3 1 
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i{S{p,t,s))q{p)^ 



p i I dp 

Sip,t,s)i2 



- 1 



p^dp 



}p'dp 



3 1 



Jo 



[a{S{p, t, s)) - a{p)]q{p)p'^dp 



l} ■ ^ j^a{p)q{p)p^dp. 



-S{f,t,s) 

From Corollary 5.3, Lemma 5.5, Corollary 5.8 and Lemma 5.9 we know that 



S{r, t, s 
S{p,t,s) 



P 



<C, 



<c, 



S{r,t,s) 
dS{p,t,s) 



< Cs{e 



-us _ -fit 



dp 



1 



< 



-us _ -nt 



\aiS{p,t,s))-aip)\ < C||a||ie(e-'^^ - e^^^*). 
Using the above estimates, we see easily that 

max^ |L(g)(f) - L(g)(f)| < Cs{e-^^' - e"'^*^ „ 
Next, by a simple computation we have 

3(l-f) f , , , , 2r 

a{p)q{p)P dp, 

dS{r,t,s) 
df 

a{S{p,t,s))q{p) 



«IICi,[0,l] Halloo- 



(5.40) 



r(l — r)L(qy(r) = {l — r)a{r)q(r) — , 

r'^ Jo 

f{l-f)L{qy{f) = ^^^a{S{f,t,s))q{f: 
3f(l— f) dS{f,t,s) 



[5(f,t,s)]4 df 



S{p,t,s)i'^dS{p,t,s) 2, 
p dp. 



dp 



Using these expressions and a similar argument as before we have 



sup f{l-f)\Liqy{f) - L(g)'(r-)| < Cs{e-'^^ - e"'^*) ||a||c;^[o,i] Iklloo- 
0<f<l ' 



(5.41) 



To save spaces, we omit the details here. By (5.40) and (5.41), we see that (5.39) follows. □ 
What we shall use later on is not (5.39), but the following immediate consequences of it: 

\\L - Lhido,!]) < C||a|b^[o,i]£(e-'^' - e"^*), (5.42) 

\\L - L\\l(c^^[o,i]) < C|l«llc^[o,i]£(e-^' - e-^*)- (5-43) 
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6 Decay estimates 



In this section we establish a decay estimate for the evolution system {U(t, s,V) : t > s > 0} 
obtained in Section 4, where V = V{t) £ C{[0,oo), Se), under an additional assumption that 
V{t) is exponentially decaying as t — > oo. 

We first consider the special case that V = 0. In this case we have iJ{t,s,V) = e^^~^^^^'^\ 
The main result Theorem 5.1 of [8] gives a decay estimate for e*''^^'^) (see (6.9) below). But that 
estimate contains some singularity at r = 0, so that it does not meet our requirement. In what 
follows we shall establish an improved estimate. To this end we need a preliminary lemma which 
gives an estimate for the semigroup generated by the following operator C = Cq + a: 

Cq{r) = —w{r)q{r) + a{r)q{r) for < r < 1, 

where w and a are given functions. 

Lemma 6.1 Assume that w G C"'^[0, 1] and satisfies (4.1), and a € Cy[0, 1]. Then C 
generates a Cq semigroup e*"^ on C[0, 1] satisfying the following estimate: 

l|e*^llL(c[o,i]) <e"'^* fort>0, (6.1) 
where loq = maxo<r-<i a(r). Moreover, Cy[0, 1] is C-admissible, and for any u > ujq we have 

\\e'''\\L(cUo,i])<C^e^' fort>0. (6.2) 
Here is independent of w {hut depends on the constants Ci, C2 in (4.1) and the upper hound 
of l|a|lci.[o,i])- 

Proof. By a similar argument as in the proof of Lemma 4.1 we see that for any A G C with 
Re A > ujQ and any / € C[0, 1], the equation 

—w{r)q'{r) + a{r)q{r) — Xq{r) = f{r) 

has a unique solution u G Cy[0, 1] which is given by 

q[r) = e-''^o ™(p) / — -^e ■'''o "(p) ctr/, 

where ro is an arbitrarily fixed number in (0, 1). Using this expression and a similar argument 
as in the proof of Lemma 4.1 we have the following estimate: 

1/(77)1 1 

max \q{r)\ < max — — ; -— < — — ; max \ f{r)\ for ReA > wn, 

o<r<i "'^ - o<r,<i ReA - a{ri) ~ ReA - ujq o<r<i ^ ^' 

Hence, C generates a strongly continuous semigroup e*"^ on C[0, 1] and the estimate (6.1) holds. 
Next, by (4.1) we see that for any q S C^[0, 1] we have 

Ci[ max \q{r)\ + max \w{r)q'{r)\] < ||g||ci [0,11 ^ '^zLmax \q{r)\ + max \w{r)q'{r)\], (6.3) 

0<r<l 0<r<l VL ' J 0<r<l 0<r<l 

where C{ and C2 are positive constants independent of w (but depending on the constants Ci, 
C2 appearing in (4.1)). Let qo G C^[0, 1] and let q = e^^qo- Then q G C{[0,oo),Cl[0,l]) H 
C^([0, 00), C[0, 1]) and it is the solution of the following problem: 

9q , \dq , . r , „ I 

— +w(r)—=a[r)q for t > 0, q\t=o = qo- 
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Let l{r,t) = wir) — — . Formally differentiating the above equation and multiplying it with 

or 

w{r), we see that / is a formal solution of the following problem: 
dl dl 

— + w{r)— = a{r)l + fi{r,t), for t > 0, /|f=o = ^o, 

where fi{r,t) = w{r)a'{r)q{r,t) and lo{r) = w{r)qQ{r). Clearly, /i G C^([0, oo), C[0, 1]) and 
^0 G C[0, 1], so that by the theory of Cq semigroups (see, e. g. the discussion in Section 4.2 
of [25]; particularly Definition 2.3 and Theorem 2.7 there) it follows that the above problem 
has a unique so-called mild solution I G C([0, oo), C[0, 1] and, consequently, the above formal 

computation makes sense, or in other words, Ur^t) = w{r) — — — is the mild solution of the 

or 

above problem. This means that 



= e*^/o+ / e(*-^)^/i(-,s)ds for t > 0. 
Jo 

By this expression and (6.1) we have 

||/(-,t)||oo<e"«1/o||oc+ re"''(*-^)|!/i(-,s)||oods 



<e"«*||/o||oo + ||W||oo / e"«(*-^)e"''^||(7o||oorfs 
Jo 

<Ce^'%o\\c\,m + C||a|lcMo,i] • ^'^''^Ikolloo. 
From this estimate and (6.1), (6.3) we immediately obtain (6.2). The proof is complete. □ 

Lemma 6.2 There exists a constant /i* > such that for any < /j, < /j,* , the semigroup 
g*A(o) y generated by A(0) satisfies the following estimate: 



e 



tA{0) I 



L(C[0,1]) 



< Ce"^* for t > 0. (6.1) 



Proof Given Uq = ((/>o,Co) e X, let U{t) = e^^^^'Uo = ((/)(r, t), C(t)). Then (</), C) is the 
unique solution of the following initial value problem: 



dt(f) + u^{r)dr(p = a{r)(p + B{(f)) + b{r)C for < r < 1, t > 0, 
dC 



dt 



T{4>) + < for t > 0, 



(6.5) 
(6.6) 

0(r, 0) = Mr) for < r < 1, C(0) = Co- (6.7) 

where a(r), b{r), B{(j)), ^{(p) and k are given in (2.24)-(2.28). By Theorem 5.1 of [8] and the 
Remark in the end of Section 8 of [8] we know that there exists constant cr* > and a function 
G C^(0, 1] satisfying 



(r) > for < r < 1, 



Cr- 



for r — 5- 



(6.5 



for some constants 1 < < 3 and C > 0, such that the solution of the above problem satisfies 
the following estimate: 

Mr) 



\C{t)\ + sup 

0<r<l 



{r,t) 



<C7(|Co|+ sup 

0<r<l 



[l+t)'e 



for t > 0. 



(6.9) 



This particularly implies that for any < a < a* and S G (0, 1) we have 

\C{t)\ + sup |(/>(r,t)| <C(|Co|+ sup \Mr)\)e-''' for t>0, (6.10) 

d<r<l 0<r<l 

because l/4>{r) has a positive lower bound for (5 < r < 1 and a finite upper bound for < r < 1. 
In what follows we prove that for 6 sufficiently small there also holds 

sup |^/)(r,i)| < Ce"''* for t > (6.11) 

0<r<(5 

for some /x > 0. 

Take a nonnegative cut-off function G C[0, 1] such that 

ip{r) < 1 for < r < 1, (^(r) = 1 for < r < 5, ^{r) = for 25 < r < 1. 

We split B into a sum of two operators as follows: 

B{q) = Bi{q) + B2{q) for q e C[0, 1], (6.12) 

where 

2 /•min{r,5} 



2 i'mm\r,oy 

Biiq) = -rpUr)<Pir) ■ -3 / gp{p)q{p)p^dp, 
^ ^0 

^2{q)=rp'^{r) j gp{p)q{p)p^dp - r-'^p'^{r)[l - ^p{r)] j 9p{p)q{p)p^dp 
Jo Jo 

-r-y^r) /min{r,5} 9pip)Q{p)p'^dp, 

and introduce 

f{r,t)=B2{H;t)){r)+b{r)C{t). 
By (6.5) and the splitting (6.12), we sec that is the solution of the equation 

dt(l) + u4r)dr(p = a{r)(f) + Bi{(l)) + f{r,t) for < r < 1, t > (6.13) 

subject to the initial condition 0(r, 0) = 0o('')- Introducing operators C{q) = —u^q' + aq and 
jr(t) = /(-, t), we see that (6.13) can be rewritten as the following differential equation in C[0, 1]: 

^^={C + B,){q)+m- (6.14) 

Using (6.8) and (6.9) we can easily show that 

||e2(0(-,t))||oo <C5||t/o||(l + t)V'^** for t>0. 

This result combined with (6.10) yields 

\\Ht)\\oo < CsWoWe-''' for t > 0. (6.15) 

Using the fact that lirxir ^0 rp'^{r) = and Lp{r) = for r > 26, one can easily deduce that for 
any given e > there exists corresponding 6 > such that 

||^i(g)||oo <£|kl|oo- (6.16) 



Furthermore, from Lemma 3.1 we know that w{r) = 'u*(r) and a(r) satisfies the assumptions in 
Lemma 6.1, so that, by Lemma 6.1, the operator C generates a strongly continuous semigroup 
e*^ on C[0,1], and 

where co = mino<r<i \0'{f)\ > 0. Since Bi is a bounded linear operator on C[0, 1] and, by 
(6.16), ||'Bi||l(c[o,i]) ^ it follows that the operator C + Bi also generates a strongly continuous 
semigroup e*('^"'"^i) on C[0, 1], and, furthermore, there holds 

In what follows we assume that e is sufficiently small such that a; — e > 0. By (6.14) we have 

g(t) = e*(^+^i)g(0) + re(*-^)(^+^i)jP(T)dT. 
Jo 

From this relation and (6.15) and (6.18) we see that for any < ji < minja, a; — e} there holds 

lk(i)||oo < lk(0)||ooe-('^-^)* + C||[/o||e-'^* for i > 0. 

Since q{t) = 4'{-,t) is a solution of (6.14) with initial data q{0) = (po, by this estimate we see 
that (6.11) follows. 

By (6.10) and (6.11), we see that (6.1) is proved. This completes the proof. □ 

Lemma 6.3 Let fi* be as in Lemma 6.2. Then for any < /j, < fj,*, in addition to (6.1) 
we also have the following estimate: 

IIl(cMo,i]) < Ce-'^* V t > 0. (6.19) 

Proof. We first show that B and T satisfy the following properties: For any q G Cy[0, 1], 

\\BM)\\oo + \\u.B{qy\\^ < C\\q\\^, (6.20) 
\J'M)\ < C\\q\\oo. (6.21) 

Using the facts that lim^^o '^P^'^) = and lim^^o ''^P*('') = (see (3.3)) we can easily 
prove that 

lk*Wlloo < C||g|U for gGC[0,l]. 

To estimate ||-8(n^=g')||oo we compute: 

9p{p)u*{p)q'{p)p^dp= -u^{r)gp{r)q{r) - ^ I m{p)q{p)p^dp. 
r-^ Jo r r-^ Jq 

2 

where m{p) = gp{p)u*{p) + gp{p)u^{p) H — u^{p)gp{p). Taking r = 1 we particularly obtain 

/ 9p{p)u*{p)q'{p)p^dp = u^{l)gp{l)q{l) - j m{p)q{p)p^dp. 
Jo Jo 



.^1 



Since gp G C^[0, 1], G C^[0, 1] and u*(0) = 0, we see that -u^,gp and m both belong to C[0, 1]. 
Hence, from the above expressions we see immediately that 



\\B{u^q')\\oo = sup rp'^{r) 

0<r<l 



f gp{p)u4p)q'{p)p'^dp- \ [ gp{p)u^{p)q\p)p^dp\ <C\\q\ 
f JQ 



Similarly we also have 



\J^{u^q) 



gp{p)u^{p)q'{p)p^dp 



< C\\q\\ 



This verifies (6.20) and (6.21). 

We now proceed to prove (6.19). Let Uq € Xq and U = e^'^^'^^C/g- From the proof of Lemma 
4.2 we know that U G C([0, cx)), Xq) n C^([0, oo), X). Let Uq = (go,yo) and U = {q,y). Then 
{q, y) is the solution of the following problem: 

f da da 

+ Mr)^ = a{r)q + B{q) + h{r)y for < r < 1, t > 0, 

^ = J^{q) + Ky for t > 0, 

(l\t=i) = qo{r) for < r < 1, and y|t=o = yo- 

doiv t] 

Let l{r,t) = u*(r) — — ^ — . As in the proof of Lemma 6.1, by formally differentiating the first 
or 

equation above in r and multiplying it with ^^(r), we see that {l,y) is a "formal solution" of the 
following problem: 

— + u4r)— = a{r)l + B{l) + b{r)y + fi{r,t) for < r < 1, t > 0, 
ot or 



dy 
dt 



J^{1) + Ky + ci{t) for t > 0, 



l\t=o = loir) for < r < 1, and y\t=o = yo, 
where Zo(^) = u*ir)qQ{r), ci{t) = J^{q) - J^{u*—), and 

/i(r,t) = u4r)a'ir)qir,t) - b(u.^) + u^r)^^ + K(r)6'(r) - 6(r)]y(t). 

We denote l^(t) = {l{-,t),y{t)), Wq = (^o,yo) and Fi{t) = (/i(-, i), ci(i)). Then the above 
problem can be rewritten as follows: 

dW 



dt 



= A{0)W + Fi{t) for t > 0, W{0) = Wq. 



Using the fact that U G C^{[0,oo),X), Corollary 3.2 and (6.20), (6.21), we can easily prove that 

Fi G C^([0, oo), X). Thus, by a similar argument as in the proof of Lemma 6.1 we see that the 

dq 

above formal computation makes sense and W = {l,y) = {u^:—,y) is the unique mild solution 
of the above problem, which means that 

W{t) = e'^^^^Wo + f e(*-^)^(°)Fi(s)ds for t > 0. 
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It follows by Lemma 6.2 that for any given < /i < ^u* we have 

< C'e-^*||VFo|U + C [ e-^'^^-'^\\Fi{s)\\xds for t > 0. 
Jo 

Using (6.20), (6.21) and the fact that ||C/(i)||x < Ce-^*||?7o|U ensured by (6.1), we see that 

WFiimx < C\\U{t)\\x < Ce-'^'WoWx for t > 0. 
Hence, by a similar argument as in the proof of Lemma 6.1 we obtain 

\\U{t)\\xo<C{l + t)e-^''\\Uo\\xo for t > 0. 

Now, for any given < /i < fj.^, wc arbitrarily take a fi € (^, ^u*) and first use the above estimate 
to p, and next use the elementary inequality (1 + t)e~P'^ < Ce~^^, we see that (6.19) follows. 
This completes the proof. □ 

In the sequel we consider the evolution system U(t, s, V) for a general V = V{t) G C([0, oo),X) 
satisfying the following condition: For some positive constants jl, e and Cq, 

\\V{t)\\x < Coee-i^^ for t > 0. (6.22) 

Lemma 6.4 Assume that V = V{t) G C([0, oo),X) and it satisfies (6.22). Let ji* he as in 
Lemma 6.2. Then for any < /x < //* there exists corresponding £q> Q {depending on fi, and 
Co) such that if < e < Eq then the following estimates hold: 

l|U(t,s,y)|U(x) <Cie-^* fort>0, (6.23) 

mt,s,V)\\^Xo) < C2e-^' for t > 0, (6.24) 
where Ci and C2 are positive constants depending only on /i and independent of Jl and Cq . 

Proof: Given < < //* we take a //i G {iJ-ilJ^*) and fix it. By Lemmas 6.2 and 6.3, we 
have the following estimates: 



IIl(C[o,i]) 

Il(C1[0,1]) 



< Cie^'^i* for t > 0, 

< Coe-^i* for t > 0. 



(6.25) 
(6.26) 



Let Uq = (qq, sq) be an arbitrary point in X, and let U = U(t, s, V)Uq. By definition, U is the 
solution of the problem (4.13). Let U = {q,y). Then (4.13) can be rewritten as follows: 



dq dq 

— + wv(r,t)— = a(r)q + Bq + b(r)y for < r < 1, t>s, 
at or 



dy 
dt 

q\t= 



T{q) + Ky for t > s, 
= qo{r) for < r < 1, and y\t= 



(6.27) 



yo, 



Let q{r,t,s) = q{S{r,t, s),t) or q{r,t) = q{T{r,t, s),t, s). Then by using (5.9) we see that (6.27) 
is transformed into the following problem: 
i' 8n "~ 



+ u^(r)— = a(r,t,s)q + Bq + b(r,t,s)s for < r < 1, t>s, 
ot or 
ds 

Ht 



J^(q){t, s) + KS for t > s, 



(6.28) 



^q\t=s = qo{r) for < r < 1, and s\t= 



So, 



where a(r, t, s) = a{S{r, t, s)), b{r, t, s) = b{S{r, t, s)), 

Sq = rp'^{r)\ [ gp{p)q{T{p,t, s),t, s)p^dp - ^ [ gp{p)q{T{p,t, s),t, s)p'^dp 
'-Jo "I" Jo 

and !F{q){t, s) = gp{p)q{T{p, t, s),t, s)p^dp. We define a family of bounded linear operators 
_ Jo 

, s, y) : X ^ X (i > s > 0) as follows: 



r=S{f,t,s) 



B(t,S,F) 



a{-,t,s) + B b{;t,s) 

T K 



We also denote U = iq,y)- Then (6.28) can be rewritten as follows: 

^ = Ao{U^)U + M{t, s, V)U for t > s, 
U\t=s = Uo. 

Recalling that A(0) = Ao(i7*) + B and denoting 

[a(-,t,s) -a + B-B b(-,t,s)-b' 
E{t,s,V)=M{t,s,V)-M= \ \, 

\ J^-J" 
we see that 

Ao{U^) + M{t, s, V) = Ao(C/*) + B + E{t, s, V) = A(0) + E{t, s, V). 
Hence, (6.29) can be further rewritten as follows: 

^ = A{0)U + E{t, s, V)U for t > s, 
U\t=s = Uo. 

We know that (6.30) is equivalent to the following integral equation: 

[/(t,s) = e(*-^)^W[/o + ^*e(*-^> 
By Corollary 3.2 and Lemma 5.9 we have 



r, s, V)U{t, s) for t > s. 



\\a{-, t, s) - a||oo < ||a(-, t, s) - a||ci.[o,i] < Ce, 

\\b{;t,s)-b\\^ < ||6(-,t,s) -6||c^[o,i] < Ce, 
and by Corollary 3.2, Lemma 5.9 and Lemma 5.10 we have 

11^ - S||l(c[o,i]) < Ce, \\B - 0||l(ci,[o,i]) < Ce, 

\\^ - ^\\l{C[o,\\,^) < Ce. 



(6.29) 



(6.30) 



(6.31) 
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It follows that 

l|E(r,s,F)|U(x) < C£, ||E(r,s,F)|U(Xo) < Ce. (6.32) 
Prom (6.25), (6.26), (6.31) and (6.32) we obtain: 

||^(t,s)|U <Cie-'^i(*-^)||t/o|U + C£^*e-'^i(*-^)||t/(T,s)||x, 

||f/(i,s)||xo < C2e-'^i(*-^)||f/o||xo +C£^*e-'^^(*-^)||C/(T,s)||xo. 
By Gronwall lemma, these inequalities yield 

i|f/(t,s)|U<Cie-(''i-^^)*||C/o||x, 

\\U{t,s)\\x,<C2e-^^^-'''Hu4x,. 

Hence, by taking e sufficiently small such that /xi — Ce > ji, we obtain (6.23) and (6.24). This 
completes the proof. □ 

7 The proof of Theorem 1.1 

In order to prove Theorem 1.1, we let ^* be as in Lemma 6.2 and arbitrarily fix a number 
< 12 < fi*. Let £ be a positive number to be specified later. For any fixed Uq G Xq satisfying 
||f^o||xo ^ we denote by M the set of all functions V = V{t) G C{[0,oo),X) satisfying the 
following conditions: 

y(0) = Uo, \\V{t)\\x < 2Ci£e-'^* for t > 0, (7.1) 

where Ci is the constant appearing in (6.23). We introduce a metric d on M by defining 

d{Vi, V2) = supe'^*||yi(t) - V2it)\\x for Vi, V2 G M. 
t>o 

It is evident that (M, d) is a complete metric space. Given F G M, we consider the following 
initial value problem: 

f dU^ ^ A{V{t))U{t) + G{U{t)) for t > 0, 
U{0) = Uo. 

Lemma 7.1 If e is sufficiently small then for any F G M the problem (7.2) has a unique 
solution U G C([0, oo),Xo) fl C^([0, oo),X) which satisfies the following estimates: 

\\U{t)\\x < 2Ci£e-^*, \\U{t)\\xo < Cee-'^', \\U\t)\\x < Cee"^* for t > 0, (7.3) 
where Ci is as before, and C is another constant independent of V. 
Proof: We denote 

M = {U e C([0,oo),Xo) : \\U{t)\\x < 2Ci£e~''* and ||C/(t)||xo < 2C2£e-''* for t > 0}, 



and introduce a metric d on it by defining 

d{Uu U2) = supe^^'WUiit) - U2{t)\\xo for C/i, U2 G M. 
t>o 

Here Ci and C2 are positive constants appearing in (6.23) and (6.24), respectively. (M,d) is 
clearly a complete metric space. Given U G M, we consider the following initial value problem: 

^ = A{V{t))Uit) + G{U{t)) for t > 0, 
U{0) = Uo. 

Since U{t) € C([0, 00), Xq), by Corollary 3.3 we have G{U{t)) G C([0, 00), Xq). It follows by 
Corollary 4.4 that the above problem has a unique solution U G C([0, 00), Xq) D C^([0, 00), X), 
and is given by 

U{t) = V{t, 0, V)Uo + [ V{t, s, V)G{U{s))ds. (7.5) 
Jo 

Using this expression and Lemma 6.4 and (2.23) we have 

\\U{t)\\x<Cie~^''\\U4x + Ci re-^(*-^)||G(C/(s))||xds 

t ° 

KCiee-i'^ + C [ e-''^^-'^\\U{s)fxds 
° t 

<Ciee-''* + Ce'^ [ e-''^*-''^e-^'''ds 
Jo 

<Ci£e-^* + Ce^e"'^* < 2Ci£e-''*. 

The last inequality holds when e is sufficiently small. Similarly, by using Lemma 6.4 and (3.9) 
we also have 

\\Umxo<'iC2ee-^\ 

when e is sufficiently small. Hence U G M. We now define a mapping S : M ^ M by setting 
S(C/) = U for every U G M. We claim that S is a contraction mapping. Indeed, for any 
Ui, U2eM let Ui = S(C/i), U2 = S{U2) and W = Ui- U2. Then W satisfies 

' dW{t) 



A{V{t))Wit) + [G{Ui{t)) - G{U2{t))] for t > 0, 



dt 

W{0) = 0, 

so that ^ 

W{t)= [ U{t,s,V)[G{Ui{s))-GiU2{s))]ds. 
Jo 

It follows by a similar argument as before that 

\mt)\\xo<C2 f e-^^'-'^\G{U^{s) - G{U2{sm\xods 
°t 1 
<C2 J e-'^^'-'^\\Uiis)-U2is)\\xods[l \\G\eUiis) + {1 - 9)U2ismL(Xo)de) 

<cj^ e-'^(*-^)||C/i(s)-i72(s)||xods(^ WeUiis) + {1 - e)U2{s)\\xode') 

<C [ e-/^^*-") • d{Ui, U2)e-^' ■ 2C2ee-^''ds < Ced{Ui,U2)e-^\ 
Jo 



Thus for £ sufficiently small we have 

d{UuU2) = supe'''\\W{t)\\xo < ld{Ui,U2), 

showing that S is a contraction mapping, as we claimed. Thus, by the Banach fixed point 
theorem we see that S has a unique fixed point in M, which is clearly a solution of the problem 
(7.2) in C([0, oo), Xq). Uniqueness of the solution follows from a standard argument. 

From the above argument wc sec that the solution U of (7.2) satisfies the first two inequali- 
ties in (7.3), and U € C"'^([0, oo), X). It remains to prove that U also satisfies the last inequality 
in (7.3). The argument is as follows. First, it is straightforward to deduce from the condition 
(7.1) that for sufficiently small £ > 0, we have (r, t)/r{l — r) G C[0, 1] and there exist positive 
constants Ci and C2 independent of V such that 

-Cir(l - r) < wv{r, t) < -C2r(l - r) for < r < 1 and i > 0. (7.6) 

It follows that for the solution U = {q, s) of (7.2) we have 



sup 

0<r<l 



wv{r,t)^^ <Csup r-(l-r)^^ < CM; t)\\c- ^0,1] 



0<r<l 

Using this result and the equation (7.2) we see that 

WU'mx < \\A{V{t))Umx + mUit)\\x < C\\Umxo+C\\Umj, < Cee-^^ 

for all t > 0. This completes the proof of Lemma 7.1. □ 

Lemma 7.1 particularly implies that for every V in M, the solution U of (7.2) also belongs 
to M. Thus we can define a mapping S : M ^ M as follows: For any V G M, 

S{V) = U = the solution of (7.2). 
Lemma 7.2 For e sufficiently small, S is a contraction mapping. 

Proof. Let Vi,V2 G M and denote Ui = S{Vi), U2 = 8(^2) and W = Ui - U2. Then W 

satisfies: 

^ = A{Vi{t))W{t) + [A{V,{t)) - A{V2{t))]U2{t) + [G{Ui{t)) - (G(C/2(t))] for t > 0, 

W{0) = 0. 

Thus 

W{t) = fu{t,s,Vi)[A{Vi{s))-A{V2{s))]U2{s)ds+ f\{t,s,Vi)[G{Ui{s))-G{U2{s))]ds. (7.7) 
Jo Jo 

Since the first component of [A(Fi(s)) — A{V2{s))]U2{s) is equal to [wv2{r, s) — wvi{r, s)]q2{r, s) 
and the second component is zero, we have 

\\[AiViis))-A{V2{s))]U2{s)\\x = max \[wvAr, s) - wy^r, s)]q'2{r, s)\ 

0<r<l 



< sup 

0<r<l 



wvi {r, s) - WV2 {r, s) 



r(l — r) 



max |r(l-r)g^(r,s)| < C\\Viis) - V2is)\\x\\U2is)\\xo- 

0<r<l 
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Besides, from (2.23) we have 

||G([/i(s))-G(f/2(s))||x= f' G'{eUi{s) + il-e)U2is))[Ui{s)-U2{s)]d9 

Jo 

<C{\\U^{s)\\x + \\U2{s)\\x)\ms) - U2{s)\\x. 
Thus, by (7.7) and Lemma 6.4 we have 

\\Ui{t)-U2mx<C, fe-^^'~'^\\[A{V,is))-A{V2{s))]U2{s)\\xds 
Jo J 

+Ci [ e->'(-'-'^\[GiUi{s)) - G{U2{sm\xds 
Jo 

<C [ e-i'^'-'^lViis) -V2{s)\\x\\U2is)\\x,ds 
Jo ^ 

+C [ e-^^'-'\\\Ui{s)\\x + \\U2{s)\\x)\\Uiis)-U2is)\\xds 
Jo ^ 

<Csupe'^"||Fi(s) - V2{s)\\x ■ supe'^^||[/2(s)||xo / e-''^*"^) • e-'^^''ds 

s>0 s>0 Jo 

+C^u^e>'-'{\\Ui{s)\\x + \\U2{s)\\x) 

s>0 

•supe^^||[/i(s) -U2{s)\\x [ e-^^^-'^ ■ e'^^^'ds 

s>0 Jo 

<Cee-''*d{Vi,V2) + Cee-^*d{Ui,U2). 

Therefore, 

d{Ui,U2) = supe'^*||C/i(t) - U2{t)\\x < Ced(Fi, F2) + Ced{Ui,U2), 
t>o 

by which the desired assertion immediately foUows. This completes the proof of Lemma 7.2. 

□ 

By Lemma 7.2, if e is sufficiently small then the mapping S has a unique fixed point U in M. 
Clearly, ?7 is a global solution of the equation (2.22) subject to the initial condition ^7(0) = Uq- 
Moreover, by Lemma 7.1 we know that the image of S is contained in M, so that U satisfies 
(7.3). Prom this result all assertions of Theorem LI easily follows. The proof of Theorem 1.1 is 
complete. 
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